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Two methods to infer freestream densities from in-flight measurements of pitot pressure and flight velocity during
reentry are presented that focus on the minimization of uncertainties due to high-temperature real-gas effects and
atmospheric density fluctuation. A numerical approach leads to a curve-fit function that yields the ratio of the pitot to
the dynamic pressure p,,/q., for velocities between 0.5 and 10 km/s and altitudes up to 90 km. An analytically
derived correlation is also provided. Both techniques account for equilibrium real-gas effects thus achieving very
high accuracies. Independently of potential atmospheric fluctuation, remaining errors are less than 1% for almost
the entire spectrum and less than 0.3% for typical lifting reentry.

Nomenclature
Aot = reference area
a = speed of sound, constant
cL = lift coefficient
cp = specific heat capacity
e = specific internal energy
es, e, = relative error of f and g
f = curve-fit function
h = specific enthalpy
Ma = Mach number
m = mass of flight vehicle
p = pressure
q = dynamic pressure
T = temperature
u, V. = velocity
y = ratio of specific heats
P = density
Subscripts
n = stagnation-point value
2 = postshock value
2F = postshock value for equilibrium flow
) = freestream value

I. Introduction

HE development of future space transportation systems

requires the improvement of physical modeling by means of
aerothermodynamic design tools, that is, wind-tunnel testing,
computational fluid dynamics (CFD), and flight testing. Insufficient
capability of ground-based simulation facilities due to poor flow
similarity is one of the driving factors for flight testing. Numerical
methods have improved significantly over recent years. However,
there is a strong need for validation of these tools by means of data
acquired in authentic flight environment. For the evaluation of the
data obtained during flight tests, however, accurate knowledge of the
freestream parameters is crucial. Ambient density is a primary
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variable in the evaluation of flight dynamics and fluid dynamics
phenomena of reentry spacecraft. A major problem, though,
originates from the fact that atmospheric fluctuations may cause
unpredictable deviations from standard-atmospheric models. These
deviations may reach extremes as large as 80% over vertical
distances of a few kilometers [1]. Figure 1 shows the deviations
measured during three flights of the space shuttle as compared to the
U.S. standard atmosphere.

To overcome the difficulties due to density fluctuations as
described above, the prevailing atmospheric density at any time can
be inferred from pitot-pressure data obtained through in situ pressure
measurements. Commonly, a calorically perfect gas model is used
for this calculation inevitably leading to significant uncertainties that
arise from the real-gas effects associated with the hypersonic flight
regime [2,3]. Established methods that would allow for these high-
temperature effects are complex numerical computations that require
time-consuming data reduction procedures resulting in a high
amount of time and effort.

The present paper focuses on the minimization of uncertainties as
well as complexity and thus expenditure of application time
employing a pressure-based air-data system (ADS) to deduce the
freestream density. It provides a method derived from numerical
computation and a second approach based on analytical
considerations, both allowing for real-gas effects and thus leading
to distinctly improved results as compared to conventional
techniques. Their important advantage is the combination of this
high accuracy with the simplicity of their application. It makes the
two methods presented highly effective and results in very short
computing times, which renders them suitable for online data
reduction during reentry, providing precise data, for example, for
flight control loops.

II. Determination of Freestream Density

by Means of a Novel Approach
A. Review of Pressure-Based Air-Data Systems

By sampling the pressure distribution at the nose of a craft during
flight, it is possible to infer air-data parameters. A pressure model
describing the relationship between air data and measured nose
pressures is needed to estimate air-data parameters. For perfect gas,
the appropriate relation can be expressed in an analytically closed
form. However, in the high-enthalpy flight regime associated with
the reentry of space vehicles, real-gas effects cause an increase in the
pitot pressure to be measured [2]. To date, most of the air-data
systems are based on the assumption of perfect-gas behavior to avoid
complex data reduction procedures. However, this inevitably leads
to reduced accuracies. In this case, substituting the freestream static
pressure
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Fig. 1 Shuttle-derived densities compared to the 1962 U.S. standard
atmosphere [7].
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into the Rayleigh pitot tube formula [4] yields an exact relation for the
ratio of the pitot pressure to the freestream dynamic pressure in the
supersonic flow of a calorically perfect gas,

Po 2 ( (y + 1)*Ma2 )%(l—y-i—ZyMa?,o) )

4o yMaZ \dyMaZ, —2(y — 1) y+1

For high freestream Mach numbers (MaZ%, > 1), the limit Ma,, —
oo can be used as an approximation,

Po  [(r+ DA 4
qmw[ 4y ] [V+l] ®

Using the hypersonic approximation of Eq. (3), the freestream
density can be determined from pitot-pressure measurements during
atmospheric flight if the flight velocity is known, for example, via
GPS (global positioning system). For air (y = 1.4), Eq. (3) yields
P/ o = 1.839.

Miiller-Eigner et al. [3] give another approximate relation that can
be used to evaluate the freestream density for Ma,, > 5:

Pa y+3 @)
4 Y+ 1

Equation (4) is derived on the basis of incompressible flow
between shock and stagnation point, that is, p,, = p, + ¢, and with
p» and g, calculated with hypersonic normal shock approximations
(Ma > 1). For air (y = 1.4), Eq. (4) yields p»/q. = 1.833.

In high-enthalpy flows, real-gas effects occur as shown in Fig. 2.
According to Koppenwallner and Miiller-Eigner [2], the increase in
pitot pressure due to real-gas effects is on the order of magnitude of
5% and has to be accounted for. Enzian et al. [1] state that “the
atmospheric density has to be known with an accuracy of 1 to 3% in

Kn 1201 Free molecular flow e
-1 hfkm} ———~~"~"~——~—~—————————-
-1 Transitional flow
10
sof 0 T e ————__ _
163 4 Continuum flow
-5 40
10 -
No chemical effects | Chemical equilibrium
10— 104
0 I ]
0 2 4 6 8 v[km/ss] 10

Fig. 2 Aerodynamic and kinetic flow regimes in the altitude-velocity
map [8].

order to estimate real-gas effects.” This demonstrates the need for a
method to determine the freestream density as accurately as possible.

B. Numerical Approach to Determine the Freestream Density

It is evident that accurate knowledge of p,, /¢ is essential for the
accuracy of the entire ADS. The approaches described in Sec. ILA
assume calorically perfect gas behavior. To investigate the
correlation between the ratio p,,/q,, and the flight parameters (4,
Poos Poo) in detail, a numerical method is used to compute stagnation-
point pressures p,, from specified freestream conditions. High-
temperature effects are allowed for assuming inviscid flow in
thermochemical equilibrium. This keeps the method simple and
applicable to any vehicle configuration without the need to specify its
geometry as it would be necessary for a nonequilibrium flow model.
Real-gas effects are modeled by curve-fit equations developed by
Srinivasan et al. [3]. They are characterized by a broad and
continuous range of validity as well as good accuracy.

From the mass, momentum, and energy conservation equations
across a normal shock follows

pz=poo+poou%o(1 —%”) )
2

2 2
bS] e
2

For given freestream conditions (iy,, Ps» Poo) and an arbitrary
starting value of p,, the system of Egs. (3) and (6) and

_ 12 P2
pz_(f/z—l)hz @

can be solved in an iterative manner using a curve-fit function

and

7=, p) ®)
where
- h
yi=- ©
e

The relative change in the density value p, is calculated at the end of
each iteration step,

P2new — P2,0ld —:e (10)

P2,0ld

where typical values of € achieved a range from 107 to 10™*. When
the iteration process is completed, p,, is calculated from the
postshock quantities under the assumption of a compressible,
calorically perfect gas. Considering only the postshock flow, this
procedure does not lead to a significant deviation from the
equilibrium flow model. This follows from the well-known fact that
the pitot pressure is insensitive concerning high-temperature effects.

Atmospheric pressure p. (H) and density p.,(H) have been
chosen as input parameters to be specified for a certain number of
altitudes ranging from H = 90 km to H = 10 km. These values are
taken from the U.S. standard atmosphere. Thus, a two-dimensional
altitude-velocity spectrum is computed for freestream velocities
from u,, =400 m/s up to 10,000 m/s. The results of this
computation are illustrated in Fig. 3. For comparison, Fig. 4 shows
the corresponding p,,/q., map for calorically perfect gas according
to Eq. (2). As expected, the total deviation observed is not very large,
but it is of importance when a highly accurate method for the
determination of the freestream density is to be achieved.

Figure 5 shows a nominal shuttle trajectory as well as
two  comparative trajectories  representing a  high-lift
(m/AsC, =50 kg/m?) and a low-lift reentry (m/AC,=
5000 kg/m?). Figure 6 shows the differences between the results
obtained from equilibrium gas computation, exact perfect-gas theory
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Fig. 3 pn/q. distribution for standard-atmospheric conditions,
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calorically perfect gas, Eq. (2).
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Fig. 5 Nominal and comparative trajectories.
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Fig. 6 Comparison of different gas assumptions: p,, /¢, along nominal
space shuttle entry trajectory.

[y, = v, = 1.4, Eq. (2)], and the approximation from Eq. (4) for the
case of the space shuttle (STS) nominal reentry trajectory
(m/A+Cy = 550 kg/m?). It is evident from Fig. 6 that, particularly
for the high Mach numbers relevant to reentry, the deviation between
the perfect gas and equilibrium gas models is not negligible.
According to the equilibrium gas model, the ratio p,/q.
approaches the value of 2 for high Mach numbers, which is in
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Fig. 7 Relative deviations in p ., between equilibrium and perfect gas
as plotted versus altitude.
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Fig. 8 Relative deviations in p ., between equilibrium and perfect gas
as plotted versus velocity.

agreement with the ideal Newtonian theory; for the higher the flight
Mach number, the smaller is the shock standoff distance and, thus,
the more accurate is the Newtonian theory.

Figures 7 and 8 show the relative deviations in p, or g, provided
the flight velocity is known from other measurements (GPS, etc.),
between the equilibrium gas model and the perfect gas assumption of
Eq. (4) as plotted versus altitude and flight velocity, respectively. As
can be seen from a comparison of Figs. 7 and 8, the curves
representing the three different trajectories of Fig. 5 roughly coincide
when plotted versus the flight velocity. This is an important feature,
which in the following allows one to reduce the number of
independent variables. Figure 9 quantifies the remaining relative
deviations in p,,/q., with respect to the space shuttle trajectory for
high-lift and low-lift entry. Remarkably, for the entire range
considered, from the low-lift up to the high-lift case the ratio p,,/q,
appears to be predominantly dependent on the flight velocity u.,
which leads to the following approach:

% ~ flu) (11)

To determine the function f(u,)) in Eq. (11) conveniently, that is,
without using complex computer routines, a closed-form expression
is required. Therefore, a curve-fit approximation to the equilibrium
graph has been developed that yields f = p,,/ ¢4, as afunction of the
flight velocity u,,. The curve-fit function f is defined in a piecewise
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Fig. 9 Relative deviations in p,,/q. with respect to space shuttle
nominal trajectory.
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Fig. 10 Curve-fit accuracy for space shuttle nominal trajectory.

manner,

Fe {f1 for 1000 < u,, <4170 m/s 12

f, for 4170 < u,, < 10,000 m/s

where f, is linear and f, is a 16th-order polynomial function:

fl (uoo) =a; + ali, + [a3(uoo— - a4)]l6 + [aS(uoo - aﬁ)]6

= a7(Uoo — o) (Uoo — a9) (Ui — ayg) — an 13)
falug) = ay + ayuy, (14)
where
a; =1.875 a, =107 a; = 0.00043 a, = 2600
as =0.0001 ag = 2600 a, =10"" ag = 1270
aq = 2828 ap=4172 a;; =0.002

Note that f, has been extrapolated for up to 10,000 m/s. Figure 10
shows the deviation of the curve fit from the data of the space shuttle
nominal trajectory.

A comparison of the curve-fit results with the entire altitude-
velocity map, Fig. 3, results in a distribution of relative errors
ep(uo, H) where

6 = = (Pn/4x) (15)

Po/ds

and p,,/q is determined from the actual freestream conditions by
means of the equilibrium gas model. Because the approximate value
f is used to calculate the freestream dynamic pressure g, an error
g¢ # 0 will result in an erroneous dynamic pressure and, thus,
freestream density value. The relative error in the dynamic pressure,
€45 is of a similar form as compared to & IS

. = (P2/qs) = f
"_ f

(16)
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The error distribution &, (u,, H) is presented in Fig. 11. For the
purpose of comparison, the error estimation has also been applied to
calorically perfect gas [Eq. (2)] as well as to the approximative
method of Eq. (4); see Figs. 12 and 13. A comparison of Fig. 11 with
Figs. 12 and 13 shows an increase in accuracy for the technique
presented in the present paper. Errors are approximately 1 order of
magnitude smaller than the conventionally obtained values, which
range from 2 to 7% for the most part. Moreover, although the curve-
fit function f = f(u,,) has been constructed from a lifting reentry
trajectory, an a posteriori consideration documents its applicability to
almost the entire velocity/altitude regime considered, thus including
ballistic entry and ascend trajectories. This becomes evident from
Fig. 11, which documents that for the entire velocity/altitude regime
investigated the maximum error in g, or p,, does not exceed 2%.

C. Analytical Approach to Determine the Freestream Density

A second method to determine the freestream density from pitot-
pressure measurements in high-enthalpy flows yields an analytically
closed expression based on hypersonic theory. The continuity
equation for a one-dimensional flow across a normal shock wave
becomes

Poclloc = P2EU2E (17)

if thermochemical equilibrium is assumed on the stagnation
streamline behind the shock, (2) = (2E). Accordingly, the
momentum equation becomes

poo+poougo =p2E+p2Eu%E (18)

In such a flow, the postshock Mach number typically ranges between
0.2 and 0.3. As afirst approximation, compressibility effects can thus
be ignored (o, &~ p,»), and Bernoulli’s equation can be applied to
determine the pitot pressure:
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Fig. 14 Relative deviation of calculated atmospheric densities, Eq. (21),
from standard-atmospheric freestream densities due to assumption,
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P2k
P = P + %M%E (19)

Substituting Egs. (17) and (19) into Eq. (18) yields a quadratic
equation in pg,

(Do)’

(20)
202

P + poougo =Pr +

Solving Eq. (20) yields

2
poo:p2E|:1_ \/1_ 2 (ptZ_poo):| (21)
P2EU

where the postshock density is approximated by

Pae = po(hp, Prn) (22)
U3y
ht2 = 7 + CpToo (23)

Hence, Egs. (21-23) represent a method to compute atmospheric
densities from pitot pressure and the freestream quantities velocity,
temperature, and static pressure; the specific heat is nearly constant
below 100 km altitude, ¢, = 1004 J/kg. p,, and u,, values are
obtained from in-flight measurements whereas p,, and T, can be
estimated: these quantities have rather little influence on the result as
T K u2 /2 and p,, < p,. Hence, atmospheric fluctuation can
be ignored, and standard-atmospheric values can be assumed. Also,
the values may be roughly estimated if the altitude is unknown. Even
setting the freestream pressure to p,, = 0 merely causes errors of
0.01-1% in the freestream density for velocities u,, > 3 km/s.

The error caused by using Bernoulli’s equation (19) is visualized
in Fig. 14. The density values p,,, are calculated by means of Eq. (21)
where p,; and p, are determined from the given standard-
atmospheric freestream conditions of the respective altitude using
the computer routine described in Sec. IL.B. Furthermore, the exact
values of p., of the model atmosphere considered are used. The
small error values corroborate the theory of an incompressible
postshock flow thus justifying the use of Eq. (19).

It is interesting to note that this procedure also allows one to
determine the flight Mach number for a given flight velocity known
from GPS or radar data. For this purpose, Eq. (20) is employed to
deduce a more accurate value of the freestream pressure, where the
required values of p, and p,z are known from the method described
above:

M2
Poo = po =25 (2 - &”) 4)
P2k

yielding the speed of sound
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D. Capability to Resolve Atmospheric Density Fluctuations

To investigate the accuracy under nonstandard conditions, the
results for fluctuating densities have been compared. The space
shuttle nominal reentry trajectory is used as a flight path; see Fig. 5.
Atmospheric pressure is taken to show a standard distribution.
Figure 15 shows an arbitrary density distribution compared to
standard-atmospheric values (p,s). In the following these density
values are compared with those determined by the two methods
described above. Using an arbitrarily defined model atmosphere for
validation has the advantage that the input data are precisely known
and that the data are thus free of any errors. In the case of applying the
described method to real flight data and comparing the flight data
derived density values with those achieved by the present method
would not allow for a clear statement on the accuracy of the
procedure described in this paper. Because in this case the difference
of the flight data from the derived data would not only result from the
approximations in the theoretical model but also from the flight
measurement uncertainties, which are not known or not known
precisely enough. So it would not be possible to separate the different
sources of error. Even in the case of full agreement between flight
data and theoretical data, this could not lead to a statement on the
accuracy of the method, because it is most probable that in this case
flight measurement errors and errors of the theoretical model just
compensate.

Figure 16 shows the corresponding relative errors according to the
curve-fit method [Egs. (11-14)] and the analytical approach
[Egs. (21-23)]. Flight values of u,, and computer-derived
equilibrium values of p,, for the actual freestream conditions are
used in default of measurement results. For the application of
Eq. (21), pyg is determined according to Eqs. (22) and (23). The
freestream quantities p,, and T, are approximated by means of the
U.S. standard atmosphere. Even under extreme conditions, both
methods exhibit good results with relative errors of less than 0.3% for
Ma,, > 5 or H > 40 km, respectively.
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Fig. 16 Relative error in predicted density for density distribution
given in Fig. 15.
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III. Conclusions

To date, most of the air data systems are based on the assumption
of perfect-gas behavior causing errors of 2—7%, determining the
freestream density under the assumption of a known flight velocity.
In this paper, two methods have been presented to determine the
atmospheric density from in-flight pitot-pressure and flight-velocity
measurements. These are a numerically obtained curve-fit method as
well as an analytically derived function, both applicable to
continuum flow. The investigated flight regime covers altitudes
between H =10 km and H =90 km and velocities of up to
10 km/s. Equation (21) represents an analytically derived
correlation between P, Poos Uss Pr2» and pop that clearly shows
the influence of the individual quantities. To calculate pq,
conveniently for many different conditions, however, it is necessary
to use a computer routine that computes p,r according to Eq. (22).
The curve-fit method [Egs. (11-14)], on the other hand, represents a
numerically derived expression. However, it yields direct results
without further use of any computer routine. Both approaches allow
for high-temperature equilibrium effects thus achieving significantly
increased accuracies. The results show marginal errors of less than
0.5% for trajectories relevant to reentry, independently of any
atmospheric fluctuations.

Possible sources of error are viscous and nonequilibrium effects as
well as radiation. Both methods assume thermochemical equilibrium
in the stagnation region and negligible radiative losses in the shock
layer. By limiting the investigated flight regime to freestream
velocities u., < 10 km/s and altitudes H <90 km, these
assumptions are justifiable. To investigate the influence of
nonequilibrium effects, Navier—Stokes computations of the flow
around a cylinder have been performed for chemical nonequilibrium.
These first computations show that, for the same pitot pressure, the
freestream density value obtained by means of the present method
and that from a nonequilibrium flow model only deviate by less than
1% demonstrating the small influence of nonequilibrium effects on
the method presented. This is not surprising, because the two
methods presented are based on the pitot pressure, the insensitivity of
which concerning a nonequilibrium shock layer flow is very well
known. Another source of errors may be due to viscous effects in the
stagnation region. According to Williams [6], the stagnation-point
pressure p,, in the flow over a spherically tipped body increases
significantly for low Reynolds numbers Re, < 10? (Barker effect)

whereas this influence remains small for Re,; < 10% (d: diameter of
the sphere). Hence, the flow along the stagnation streamline of a
sphere with diameter d > 1 m, for instance, is not subject to
significant viscous effects within the lower 90 km of the atmosphere
for velocities u,, > 0.5 km/s.

In summary, the two methods presented are simple but of high
accuracy. Their simplicity results in very short computing times,
which makes them suitable for an online data reduction during
reentry, providing data, for example, for flight control loops.
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